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Abstract
Hyperelastic materials possess the appealing property that they may be employed as
elastic wave manipulation devices and cloaks by imposing pre-deformation. They provide
an alternative to microstructured metamaterials and can be used in a reconfigurable man-
ner. Previous studies indicate that exact elastodynamic invariance to pre-deformation holds
only for neo-Hookean solids in the antiplane wave scenario and the semi-linear material in
the in-plane compressional/shear wave context. Furthermore, although ground cloaks have
been considered in the acoustic context they have not yet been discussed for elastodynam-
ics, either by employing microstructured cloaks or hyperelastic cloaks. This work therefore
aims at exploring the possibility of employing a range of hyperelastic materials for use as
antiplane ground cloaks (AGCs). The use of the popular incompressible Arruda-Boyce and
Mooney-Rivlin nonlinear materials is explored. The scattering problem associated with
the AGC is simulated via finite element analysis where the cloaked region is formed by
an indentation of the surface. Results demonstrate that the neo-Hookean medium can be
used to generate a perfect hyperelastic AGC as should be expected. Furthermore, although
the AGC performance of the Mooney-Rivlin material is not particularly satisfactory, it is
shown that the Arruda-Boyce medium is an excellent candidate material for this purpose.
1 Introduction
Early efforts to develop invisibility cloaks were initiated in the work of [1, 2] and [3] by em-
ploying the method of transformation optics and shortly after this a variety of electromagnetic
cloaks were designed, including those in free-space [4, 5, 6] and ground cloaks (or carpet cloaks,
both terms are used in the literature) [7, 8, 9]. The notion underlying transformation methods
[10] is to construct an inhomogeneous and frequently anisotropic material in the physical space
that has been derived via a conformal mapping from a uniform virtual space, so that they have
equivalent responses to observers. Transformation methods were soon extended to manipulate
waves beyond the electromagnetic regime, including the application to acoustics [11, 12, 13, 14]
and elastodynamics [15, 16, 17, 18, 19, 20] based on the form-invariance of the wave equations
under coordinate transformations. Unlike transformation optics or acoustics however trans-
formation elastodynamics does not always guarantee the form-invariance of Navier’s equations
under generalized coordinate transformations [21, 22, 23, 24]. This makes it more challeng-
ing to control elastic waves. A more general set of equations, associated with inhomogeneous
elastic materials now known as the Willis equations does guarantee invariance but with the
added difficulty of more complex constitutive behaviour [21, 22]. Recently symmetrised elastic
media have been employed to create near-cloaks in the context of elastodynamics [25]. One
of the exceptions however in the context of elastodynamics is the antiplane shear wave case,
since the elastic displacement in this two-dimensional scalar problem is governed by Helmholtz’
equation, similar to acoustics. Consequently, antiplane elastic cloaks have been designed suc-
cessfully based on the transformation method [17, 26]. Despite significant progress in the
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context of both theoretical and experimental aspects of antiplane cloaking, most of the afore-
mentioned cloaks adopt materials with complex microstructures, which are generally difficult
to design and fabricate. Furthermore although ground cloaks have been designed in the con-
text of acoustics [13, 14] and there has been much recent discussion of cloaking surface waves
[27, 28, 29], no designs have yet been proposed for ground cloaks in the elastodynamic context.
An alternative mechanism to design elastic cloaks and also to manipulate the propagation
of elastic waves more generally is based on the so-called theory of hyperelastic cloaking [30, 31].
This theory was first developed for antiplane shear waves [32, 33] but shortly after was extended
to coupled in-plane compressional/shear wave problems [30]. Recently, this theory has also been
employed to design phononic crystals with band gaps that are invariant to pre-deformation
[34]. Instead of achieving conformal mapping by using microstructural units, hyperelastic
cloaking theory utilizes the transformed elasticity tensor of a rubber-like material under pre-
deformation, which avoids the design of complex microstructures [30, 35]. It has been shown
that exact hyperelastic cloaks can only be achieved for special cases of hyperelastic materials,
e.g. antiplane cloaking by using neo-Hookean solids and in-plane cloaking by using semi-linear
materials under typical deformation modes [30]. This constraint has restricted the wide-spread
application of hyperelastic cloaks for practical usage. In [35] hyperelastic cloaking using neo-
Hookean and Mooney-Rivlin materials was compared to layered microstructures for the case
of a two-dimensional cylindrical cloak in free space.
Until now then, most elastic cloaks reported in the literature are of the free space type,
while elastodynamic ground cloaks have not yet been explored. An antiplane cloak could be
devised from microstructure by employing e.g. layered materials but here we devise a hypere-
lastic antiplane ground cloak. It should be noted that hyperelastic metamaterials have several
potential advantages over microstructured cloaks. These include tunability, frequency inde-
pendence and the fact that the cloaked region can be made larger or smaller by imposing more
or less deformation so that the cloak is not fixed once in-situ. We aim to explore the possibility
of using hyperelastic materials other than a neo-Hookean medium to design antiplane ground
cloaks. The hypothesis is that some hyperelastic materials can still be used as approximate
cloaks, albeit that there is still some difference between the cloaked and uncloaked wave re-
sponses. In order to achieve the objective of generating a hyperelastic antiplane ground cloak,
we consider materials with neo-Hookean, Arruda-Boyce, and Mooney-Rivlin strain energy func-
tions. The scattered wave fields for the cloaked and uncloaked problems are simulated by finite
element analysis and are compared in order to evaluate the applicability of the corresponding
hyperelastic materials.
The paper is organized in the following manner. The basic theory for hyperelastic ground
cloak problems is introduced in §2 with the emphasis being the antiplane elastic wave context.
The finite element simulation model and associated detail will be introduced in §3 with results
and discussion presented in §4. Conclusions are given in §5.
2 Hyperelastic Ground Cloak
Hyperelastic cloaks retain the form-invariance of the linear elastic wave equations by imposing
pre-deformation and by choosing specific strain energy functions. In this paper we illustrate
the potential of using hyperelastic media for ground cloaking. Here we show that hyperelastic
materials in a pre-deformed state can be employed as ground cloaks in the antiplane wave
scenario. The configuration is depicted in Fig. 1 as a half space with its free boundary initially
residing along X2 = 0 and with the space extended to infinity in X2 > 0. A wave source
generates the incident antiplane wave field that impinges on the free surface. The cloaked
region is created by imposing local deformation on surface of the half-space, depicted as a
triangular indented region here but in practice it will take a more complex geometry depending
upon the mechanism of indentation. Generally the presence of such an indentation of the free-
surface would mean that waves would be scattered from it whether in a deformed state or
otherwise, but we wish to choose a nonlinear material such that in the pre-deformed state,
antiplane waves will scatter from the indentation as if the surface remains flat and traction
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free. This is the purpose of a ground cloak. Based on continuum theory, a material point
F
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Figure 1: Schematic illustration of a hyperelastic ground cloak with respect to the reference
configuration Br (left) and current configuration B (right) respectively. The cloaked region is
obtained by imposing a pre-deformation field F(X).
can either be described by the material coordinate X in the reference configuration Br or by
the spatial coordinate x in the current configuration B, which are related by the mapping
F(X) = ∂x/∂X, known as the deformation gradient. The wave responses are equivalent in
the reference and current configurations as an analog to the virtual space and physical space
in the transformation theory. Thus, a cloak is formed when the pre-deformation field F(X)
does not affect the wave field propagating in the virtual space. In [32, 30] an equivalence
theory was derived whereby transformation elastodynamics was forced to be equivalent to
the hyperelastic theory of ‘small-on-large’ [36], thereby giving a specification on a required
strain energy function to force independence of the wave field from the deformation gradient.
Note that the boundary condition in the deformed configuration can potentially also have an
important influence on the subsequent scattered field. Here, an in-plane indentation is imposed
and it transpires that, assuming the interface between the indenter and the deformed body
is friction free, the imposed in-plane traction ensures that incremental antiplane waves see
a traction free boundary condition in the physical, deformed configuration. This boundary
condition is therefore equivalent to the case considered in [32].
In the following we employ notation consistent with [36]. For a given geometry, imposed
tractions on the surface of the body in question give rise to its nonlinear deformation and this
static deformation is governed by the equilibrium equations
DivS = 0 (1)
where Div refers to the divergence with respect to Br and S = ∂W/∂F (noting that Ogden
employs the notation Sij = ∂W/∂Fji) is the Nominal stress tensor, which is related to the
(physical) Cauchy stress σ via the relation S = JF−1σ, where J2 =detF. Stresses are here
derived from the strain energy function W = W (F). The imposed traction boundary condition
takes the form
STN = τ (X,F) (2)
with respect to the boundary ∂Br, having outward pointing normal N for some imposed
function τ (X,F). It is noted that the problem is most conveniently formulated with respect
to Br since one knows the geometry of Br and therefore one knows N.
Suppose now that the medium is deformed slightly from the configuration Br to say B˙r with
associated coordinates x˙ via some small displacements u = x˙−x. Such a linear elastodynamic
response in a general compressible hyperelastic material with pre-deformation is governed by
the following equation, derived from the theory of ’small on large’ [36]
∂
∂Xj
(
Aijk`
∂uk
∂X`
)
= ρ0
∂2ui
∂t2
, (3)
where ui are components of the displacement vector u, ρ0 is the mass density in the undeformed
state, t is time, and Aijk` = ∂2W/∂Fij∂Fk` is the elasticity tensor dependent on the pre-
deformation field F once the strain energy function W (F) is provided. Therefore the wave
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equation for the cloaked problem is obtained by setting the elasticity tensor A = A(F) in
Eq. (3) where F depends on local pre-deformation. On the other hand, the wave equation
of the uncloaked problem is obtained by taking A = A(I) as the elasticity tensor without
pre-deformation, where I is the identity tensor. An exact hyperelastic cloak is achieved if and
only if the wave equation (3) is invariant under pre-deformation. In other words, the elasticity
tensor A must be independent of the deformation gradient F, i.e.
A(F) = A(I) (4)
and as described above the incremental boundary condition in the deformed configuration must
also remain invariant to ensure full elastodynamic invariance to pre-deformation. The general
incremental boundary condition is written most conveniently with respect to the undeformed
configuration, as (see (3.10) of [36])
S˙TN = τ˙ (5)
where S˙ = AF˙ with F˙ = ∂x˙/∂X and τ˙ is the perturbation to the inhomogeneous part of the
boundary condition (2).
The necessary condition (4) for an exact hyperelastic cloak is so strong that very few strain
energy functions are suitable, e.g. the neo-Hookean solid for antiplane waves and semi-linear
materials for in-plane waves [30, 34].
Here we consider the restriction to incompressible materials and antiplane waves. The
imposed traction is planar in the X1X2 plane, with the associated condition that the static
antiplane displacement is zero. The standard approach for dealing with the constraint of
incompressibility is to introduce the Lagrange multiplier p, which modifies the nominal stress
to be S = ∂W/∂F− pF−1 and in general p 6= 0 but in the deformation here p = p(x1, x2) since
the deformation is purely planar. The incremental nominal stress takes the form
S˙ = AF˙− p˙F−1 + pF−1F˙F−1 (6)
where p˙ is the increment to the Lagrange multiplier associated with the incremental perturba-
tion from equilibrium. The incremental equations (3) become
∂
∂Xj
(
Aijk`
∂uk
∂X`
)
− ∂p˙
∂Xi
= ρ0
∂2ui
∂t2
. (7)
Since the incremental deformation is antiplane motion only, p˙ = 0 [32] and furthermore there is
no contribution from p to the antiplane components of the incremental nominal stress defined
in (6). Furthermore, since we anticipate that the forcing is due to the a distant antiplane source
in the upper half-space, there is no additional incremental traction condition at the boundary
so that τ˙ = 0 in (5). All of the above means that the antiplane wave equation takes the form
∂
∂Xj
(
A3j3`
∂u3
∂X`
)
= ρ0
∂2u3
∂t2
, (8)
and since N = −E2, where Ej is the unit basis vector pointing in the Xj direction, the
incremental boundary condition is simply S˙23N2 = 0 or rather
A2323F˙32 + A2313F˙31 = 0. (9)
This is equivalent to the condition of the incremental antiplane boundary condition being
traction free [32]. It should be noted that the incremental in-plane condition would be more
complex and certainly the initial deformation would influence this boundary condition, unlike
the antiplane case.
Since the key issue in designing hyperelastic cloaks is to find strain energy functions that
satisfy the condition (4), the elasticity tensors of three popular hyperelastic materials are
derived, i.e. those arising from neo-Hookean, Arruda-Boyce, and Mooney-Rivlin materials. We
then assess their suitability to be deployed as hyperelastic ground cloaks.
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(1) Neo-Hookean. The strain energy function for the neo-Hookean solid is given by [37]
WNH = µ(I1 − 3)/2, (10)
where µ is the shear modulus, I1 = trC is the first invariant of the Cauchy-Green tensor
C = FTF. The elasticity tensor A is derived as
ANHijk` = µδikδj`, (11)
where δij is the Kronecker delta tensor. It is noted from Eq. (11) that the elasticity tensor
ANH is independent of F so that the condition (4) is always satisfied. This is the reason why
a neo-Hookean solid can be used as an exact antiplane cloak [32, 33].
(2) Arruda-Boyce. The Arruda-Boyce material [38] is a physics-based model inspired by
microstructural modelling and considers the limit stretch of polymer chains and the Langevin
statistics. It has proved to be a relatively realistic model with good agreement with experi-
mental data. The strain energy function for the Arruda-Boyce model, when considered as a
five term approximation is
WAB = C1
5∑
n=1
αnβ
n−1(In1 − 3n), (12)
where C1 and β = λ
−2
m are material constants, λm is the limit stretch of polymer chains, and
αn (n = 1, 2, 3, 4, 5) are coefficients given in [38]. The Arruda-Boyce model degenerates to the
neo-Hookean solid when the limit stretch λm →∞. A key similarity between the neo-Hookean
solid and the Arruda-Boyce model is that both depend on the invariant I1 only. The elasticity
tensor of the Arruda-Boyce model is derived, after tedious procedures, as
AABijk` = 2C1
5∑
n=1
nαn(βI1)
n−1[2(n− 1)I−11 FijFk` + δikδj`]. (13)
The material constant C1 can be expressed in terms of the shear modulus µ by using the
consistency condition. Given the fact that the initial shear modulus of (13) is equal to µ of
the neo-Hookean solid, it yields
2C1
5∑
n=1
nαn(2β)
n−1 = µ. (14)
Hence the material constant C1 can be determined from (14) once the initial shear modulus µ
and limit stretch λm are prescribed. It can be found from Eq. (13) that the elasticity tensor
AAB depends on the deformation gradient F. Therefore, the Arruda-Boyce material cannot be
used to design an exact hyperelastic cloak. However, it will be shown in §4 that it is suitable for
an approximate cloak. Moreover, it is easy to verify that Eq. (13) will degenerate to Eq. (11)
if the terms with n > 1 are all omitted. Another frequently used model is the Gent material
model, which employs a logarithmic strain energy function [39]. However, it has been shown
that the Gent model behaves very similarly to the Arruda-Boyce model [40] and therefore we
do not consider this case further here.
(3) Mooney-Rivlin. The Mooney-Rivlin model [37] is also a generalization of the neo-
Hookean solid. Different from the Arruda-Boyce model, the strain energy function of the
Mooney-Rivlin model also depends on the second invariant I2 = (I
2
1 − trC2)/2, as
WMR = C10(I1 − 3) + C01(I2 − 3), (15)
where C10 and C01 are two material constants. The elasticity tensor corresponding to (15) is
AMR = 2C10δikδj` + 2C01[(I1δj` − Cj`)δik + 2FijFk` − Fi`Fkj − FimFkmδjl]. (16)
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On the other hand, the consistency condition gives
2(C10 + C01) = µ. (17)
It is clear from Eq. (15) that the Mooney-Rivlin model deviates from the neo-Hookean solid as
the ratio C01/C10 increases. As a result, the elasticity tensor AMR in (16) contains a constant
term and term that is F-dependent. In theory then, it is impossible to use the Mooney-Rivlin
solid to achieve exact cloaking effects but an approximate cloak is possible when the ratio
C01/C10 is small enough, as should be expected since this is the neo-Hookean limit, as will be
shown in §4.
3 Simulation Model
The cloaked region is created by imposing local deformation on the surface, near the origin
of the half-space. This problem cannot be solved analytically since this initial deformation of
the surface involves a nonlinear, large deformation of the half-space with resulting stress field
being localized near the deformation and decaying away from this region. The deformation
is inhomogeneous and is a combination of large stretch and rotation. Hence, finite element
simulation is performed by using the commercial software ABAQUS 6.14-3 [41]. Two steps are
conducted for the cloaking simulation including a static contact step generating the cloaked
region and an incremental wave propagation step to obtain the wave field. In contrast, only
the wave propagation step is needed for the uncloaked situation. For the contact step, the
static antiplane displacement is set to zero. However, the in-plane displacements u1 and u2 are
fixed as zero for the incremental deformation, assuming that only antiplane wave propagation
prevails. In all simulation examples, the bottom surface of the bulk region is kept antiplane
traction free and frictionless. Both the static contact and incremental wave steps are solved
by using the explicit dynamics solver in ABAQUS. Note that the mass scaling has been used
for the static step to improve numerical efficiency.
Bulk region
Gaussian 
source
Damping 
layer
Cloaked region
Infinite 
boundary

Figure 2: Schematic illustration of the simulation model for a hyperelastic ground cloak.
The geometric model, consisting of five distinct regions, is illustrated in Fig. 2. The major
part is the bulk region with a radius of 0.2 m. The cloaked region is created in the static
contact step by using a rigid smooth triangular wedge of 120◦ with a fillet radius of 0.01 m to
avoid the stress singularity that would otherwise arise for the sharp end. The triangular wedge
is modeled as a rigid surface in ABAQUS and a rigid body displacement loading is applied
on the wedge to create an indentation depth of 0.02 m. A Gaussian wave source is embedded
in the bulk region to generate a Gaussian beam that propagates towards the indentation that
forms the ground cloak. The propagation direction of the beam makes an angle of θ with the
undeformed surface of the half-space. The frequency of the Gaussian beam is f = 20 KHz
and its beam waist is w = 2λ with λ indicating the shear wavelength. Adjacent to the bulk
region are the damping layer and infinite boundary layer introduced in order to absorb the
outgoing waves [42, 43]. Note that the damping layer is required since the infinite boundary
layer alone is not effective enough to absorb waves in ABAQUS, especially for the oblique
incidence situation. The damping layer has a total thickness of 0.02 m and is further divided
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into N sub-layers. Rayleigh damping is used with a mass proportional damping factor c that
increases gradually as [43]
ci = c0(i/N)
3, (i = 1, 2..., N), (18)
where i indicates the sub-layer number, c0 = 4pif is the maximum damping factor, and N is
taken as 10 in this work, indicating 10 sub-layers.
The whole model in Fig. 2 consists of only one layer of elements along the thickness direction
since the antiplane wave problem is considered in this work. In addition, the two layers of nodes
on the front and back surfaces are coupled together. The eight-node three-dimensional element
C3D8R with reduced integral is used for the whole domain except the infinite boundary, in
which the infinite element CIN3D8 is chosen. The element size is approximately equal to λ/16
to achieve both accuracy and efficiency. It has been verified that such a mesh size will result
in converged static and incremental wave solutions.
The material models are chosen from the pre-defined neo-Hookean, Arruda-Boyce, and
Mooney-Rivlin hyperelastic material strain energy functions in ABAQUS 6.14-3 [41]. The
initial shear modulus is taken as µ = 100 MPa and the Poisson’s ratio is 0.495 indicating
that the medium is almost incompressible, as required. In addition, the mass density is ρ0 =
1000 kgm−3 for all materials. As a result, the initial shear wave length is λ = f−1
√
µ/ρ0 =
1.58 × 10−2 m. The total simulation time for the wave step is t = 1.45 ms. For the Arruda-
Boyce material, the limit stretch parameter λm is tuned to investigate its effect on the wave
scattering in a hyperelastic cloak, while the influence of the parameter C01/C10 is explored for
the Mooney-Rivlin cases.
4 Results
The wave scattering behaviour in uncloaked configurations and configurations associated with
hyperelastic cloaks is discussed in this section. An antiplane Gaussian beam is generated by
the Gaussian source and the wave amplitude fields |u3| are obtained and discussed. All wave
field snapshots are taken at t =1.45 ms of the wave step of the simulation.
Figure 3: Antiplane wave fields for hyperelastic ground cloaks using neo-Hookean solids
(θ = 45◦). (a) Scattering from the surface in an undeformed medium. (b) Cloaked case
created by imposing pre-deformation at the bottom center. The wave field is invariant after
pre-deformation for a neo-Hookean type cloak, although the wave field near the cloaked region
is distorted due to the mapping.
Fig. 3 shows the propagation and scattering of the antiplane waves in a neo-Hookean cloak
before and after imposing pre-deformation when the incident angle is θ = 45◦. Since the cloaked
region is created by local pre-deformation, it is clear that Fig. 3 (a) shows the uncloaked case,
while Fig. 3 (b) illustrates the cloaked case. The Gaussian beam is incident from the upper
left corner and reflected to the upper right direction. It is observed by comparing Figs. 3 (a)
and (b) that the pre-deformation does not change the scattered wave field in a neo-Hookean
type cloak, which is consistent with the cylindrical cloak described the literature [32, 33]. A
quantitative metric is used to compare the wave fields for the uncloaked and cloaked scenarios.
If we denote the wave field as two vectors wu = {uu3i} and wc = {uc3i} in the uncloaked and
7
cloaked cases, respectively, where i represents all nodes and the superscript u or c indicates
the uncloaked or cloaked field. The similarity between these two fields is defined as
similarity =
wu ·wc
‖wu‖ ‖wc‖ . (19)
The similarity (19) is also called the cosine similarity between two fields, which is equal to 1
for two identical fields and −1 for two opposite fields. According to Eq. (19), it is calculated
that the similarity between the two wave fields in Fig. 3 is 98.2 %, slightly lower than the
theoretical value as 100 %. This marginal error is almost certainly induced by the numerical
implementation in the software ABAQUS to map stress quantities between different config-
urations, to control element distortion and volume locking, etc. But it will also be due to
the fact that we employ an almost-incompressible medium here whereas the exact invariance
is associated with the perfect incompressible strain energy function. To conclude, the finite
element analysis confirms that the almost incompressible neo-Hookean solid is able to achieve
an almost-perfect cloaking effect for antiplane waves.
Figure 4: Antiplane wave fields for hyperelastic ground cloaks using Arruda-Boyce materials
(θ = 45◦). (a) Scattering from the surface in an undeformed medium. (b) Cloaked case with
λm = 7. (c) Cloaked case with λm = 3. (d) Cloaked case with λm = 2.5. The Arruda-Boyce
material deviates from the neo-Hookean solid as the limit stretch λm decreases.
The antiplane wave response in hyperelastic cloaks consisting of Arruda-Boyce materials
are illustrated in Fig. 4. The color scale is the same as that in Fig. 3. Figure 4 (a) illustrates
the wave scattering in a hyperelastic cloak medium without any pre-deformation. This solution
is identical to that in Fig. 3 (a) since the initial shear modulus of the Arruda-Boyce materials
are the same as that of neo-Hookean according to the consistency condition (14). The wave
fields in pre-deformed cloaks are illustrated in Figs. 4 (b), (c) and (d) for different limit stretch
parameters λm = 7, 3 and 2.5, respectively. It is observed that the scattered wave fields in
Figs. 4 (b), (c) and (d) deviate from the undeformed case in Fig. 4 (a) more and more as λm
decreases. This is because the influence of the higher order terms (n > 1) in the elasticity
tensor AAB in (13) play a more significant role when the limit stretch λm decreases so that
the elasticity tensor becomes ever more deformation-dependent. Overall, the scattered wave
patterns for the cloaked cases are not significantly different from the scattering in the initial
configuration although the reflected beam width becomes wider when λm decreases.
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Figure 5: Comparison between the wave scattering in uncloaked and cloaked cases in hyper-
elastic ground cloaks using Arruda-Boyce materials. Approximate cloaking is achieved when
the limit stretch λm > 3.
Further, quantitative analysis of the comparison between the wave fields in the undeformed
and deformed/cloaked cases is shown in Fig. 5 with the similarity defined as per (19). It is
found that the similarity for the cloaked cases in Fig. 4 (b), (c) and (d) are 97.7%, 93.6% and
89.7%, respectively, when they are compared to the undeformed case. Figure 5 shows that the
Arruda-Boyce materials behave almost the same as the neo-Hookean solid when λm > 5, and
very high similarity is achieved when λm > 3.5. Although the similarity in Fig. 5 decreases
rapidly when λm < 3, most realistic rubbers have the limit stretch λm greater than 3 [38].
Figure 5 also shows the similarity when the incident angle is θ = 30◦, which indicates that
the incident angle will slightly affect the cloaking response. The corresponding wave fields are
illustrated in the Supplementary Material. The results indicate that Arruda-Boyce materials
are excellent candidates for approximate cloaks.
It has been shown in Figs. 3 and 4 that the neo-Hookean and Arruda-Boyce materials
can be used to design exact or approximate cloaks. A shared feature of these two materials
is that their strain energy functions (10) and (12) are dependent only on the first invariant
I1. Therefore, it would be interesting to explore the effect of the second invariant I2 on the
antiplane wave responses in a hyperelastic cloak. To achieve this aim, we consider hyperelastic
cloaks using the Mooney-Rivlin material with strain energy defined in (15). The initial shear
modulus of the Mooney-Rivlin materials is kept as µ, the same as the neo-Hookean and Arruda-
Boyce materials. The ratio between the two material coefficients C01/C10 is studied since this
ratio is a measure of the similarity between the Mooney-Rivlin material and the neo-Hookean
solid.
Figure 6 shows the antiplane wave fields in Mooney-Rivlin type cloaks (θ = 45◦) with color
scale the same as that in Fig. 3. Therein, Fig. 6 (a) illustrates the undeformed case and Figs. 6
(b), (c) and (d) show the deformed scenarios with different C01/C10 values. By comparing Fig.
6 (a) with (b), it is found that the reflected beam in the cloaked case is not much different from
that in the undeformed situation since the ratio C01/C10 is small enough (< 0.03). However,
when the ratio C01/C10 increases, the reflected beam is split into two branches, as what is
shown in Fig. 6 (c) and (d). The cause of this phenomenon is that the C01 -dependent term in
the elasticity tensor AMR in (16) is very sensitive to the magnitude of the coefficient. Figure
7 shows the similarity between the wave fields for undeformed and deformed cases when the
Mooney-Rivlin material is adopted. The similarity values corresponding to Figs. 6 (b), (c) and
(d) are 95.0%, 89.6% and 81.5%, respectively. It is found that the similarity of a Mooney-Rivlin
cloak deviates rapidly from the neo-Hookean type as the ratio C01/C10 increases. However,
the Mooney-Rivlin cloak can achieve relatively high similarity when the ratio C01/C10 < 0.03,
implying that an approximate cloak is still possible, although the material property range is
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Figure 6: Antiplane wave fields for hyperelastic ground cloaks using Mooney-Rivlin materials
(θ = 45◦). (a) Scattering from the surface in an undeformed medium. (b) Cloaked case with
C01/C10 = 0.03. (c) Cloaked case with C01/C10 = 0.07. (d) Cloaked case with C01/C10 = 0.15.
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Figure 7: Comparison between the wave scattering in uncloaked and cloaked cases in hy-
perelastic ground cloaks using Mooney-Rivlin materials. The Mooney-Rivlin materials can be
used as approximate cloaks only when the ratio C01/C10 < 0.03.
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very limited. One expects that this influence is associated with the dependence on the second
invariant I2 and therefore when considering practical realisations of hyperelastic cloaks this
should be considered carefully. The wave scattering responses are similar when the incident
angles of the beams are changed to θ = 30◦ (see Supplementary Material). The corresponding
similarity factors are shown in Fig. 7, which verifies the robust performance of the hyperelastic
cloaks.
5 Conclusions
Hyperelastic cloaking offers a convenient way to design elastic cloaks in lieu of employing
microstructured materials. In particular they offer the potential advantages of frequency in-
dependence, tunability and unlike their microstructured counterparts they are not fixed once
in-situ. Moreover the cloaked region can be made larger or smaller by imposing more or less
deformation. The key issue in designing hyperelastic cloaks is to find suitable materials with a
deformation-independent elasticity tensor to guarantee the form-invariance of the wave equa-
tions. Unfortunately, existing research suggests that an exact hyperelastic cloak can only be
achieved for special hyperelastic materials like the neo-Hookean solid and semi-linear materials.
This work has explored the possibility of using other hyperelastic materials to design antiplane
ground cloaks in order to expand the material selection space. Two representative hyperelas-
tic materials are considered: an I1 -dependent material (Arruda-Boyce) and an I2 -dependent
material (Mooney-Rivlin). The hyperelastic cloaks using different material types are simulated
by dynamic finite element analysis and evaluated to compare the similarity between the wave
fields in the deformed (cloaked) and undeformed configurations. The simulation results con-
firm that the neo-Hookean solid is able to create an exact antiplane cloak. The Arruda-Boyce
material behaves closely to the neo-Hookean solid for a wide range of limit stretch parameters
λm > 3.5, and in these cases, approximate antiplane cloaks are possible. In contrast, the wave
response in the Mooney-Rivlin material is very sensitive to the C01 -dependent term, and ap-
proximate cloaks are possible only when the ratio C01/C10 is small enough (< 0.03), i.e. when
it behaves almost like a neo-Hookean medium. Future research can be focused towards evalu-
ating other types of strain energy functions as well as conducting experimental verification for
the hyperelastic cloaks. Consideration of the two-dimensional in-plane and three-dimensional
elastodynamic scenarios are also of great interest.
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